We show that all solutions to the vacuum Einstein field equations may be mapped to instanton configurations of the Ashtekar variables. These solutions are characterized by properties of the moduli space of the instantons. We exhibit explicit forms of these configurations for several well-known solutions, and indicate a systematic way to get new ones. Some interesting examples of these new solutions are described.
Introduction
We present some solutions to the vacuum Einstein equations based upon the Ashtekar variables [1] . These variables are convenient for implementing the canonical description of the Einstein field equations. The variables are SO(3) gauge fields for Riemannian manifolds, and we shall show that the classical solutions of the field equations correspond to the instanton sector of the gauge fields. Not every instanton configuration can be used to define Einstein manifolds. In this note, we present the conditions under which this definition will be possible, and work out some explicit examples which demonstrate the utility of such an approach.
Ashtekar's variables [1] can be obtained from the 3 + 1 decomposition of the EinsteinHilbert action, 1 16πG
4 R 4 gd 4 x (1.1) through a series of canonical transformations [2] . The canonical pair of variables consists of the complex Ashtekar potentials
and the densitized triad of weight 1,σ ia = 3 gσ ia (1.
3)
The canonical variables obey the Poisson bracket relations
{A ia ( x), A jb ( y)} P B =0 {σ ia ( x),σ jb ( y)} P B =0
( 1.4) for all space-time points x, y on the constant-x 0 3-dimensional hypersurface M 3 . In the above, a factor of 16πG has been suppressed on the right hand side. For concreteness, we suppose that M 3 carries the signature + + +. Our convention will be such that, unless otherwise stated, lower case Latin indices run from 1 to 3, while upper case and Greek indices run from 0 to 3. In the above, ω is the torsionless spin connection compatible with the triads:
and modulo the constraint which generates triad rotations,
where K ij is the extrinsic curvature.
In terms of the Ashtekar variables, the constraints generating local SO(3) gauge transformations, or triad rotations, which leave the spatial metric
invariant can be written in the form Gauss' law:
Ashtekar showed [1] that, modulo Gauss law constraints, the usual "supermomentum"
and "superhamiltonian" constraints of ADM [3] achieve remarkable simplifications when expressed in terms of the new variables. Indeed, the "supermomentum" constraint −2π
is proportional to
while the "superhamiltonian" constraint
is equivalent to
The quantity K is the extrinsic curvature given by
The presence of a cosmological term
4 gd 4 x (1.14)
in the action modifies the usual "superhamiltonian" constraint in that one will need to add a new term: 2λ 16πG 3 g
to the left hand side of (1.11) , and H in (1.12) becomes H = ǫ abcσ iaσjb F c ij + Λǫ abc ǫ ijkσ iaσjbσkc (1.15) with Λ = λ/3.
In the case of metrics with Euclidean signature, one should drop all factors of i in (1.2) and (1.4), and may further assume that the Ashtekar variables are all real. The "superhamiltonian" constraint in the ADM formalism for Euclidean signature becomes
Modulo Gauss law constraints, H E is still proportional to ǫ abcσ jb F ija . A short computation
gives
Classification Scheme for Solution Space of Constraints
In this section, we exhibit a classification scheme of the solutions of Ashtekar's constraints, and discuss its connection to results appearing in the literature.
It is known that all solutions of the Einstein field equations in 4D can be classified according to the canonical forms of the Riemann-Christofel curvature tensor. Such a scheme was first given by Petrov [4] and then further extended by Penrose [5] in the context of spinors and null tetrads.
In the ADM formalism, the "supermomentum" and "superhamiltonian" constraints are projections of the Einstein field equations tangentially and normally to the threedimensional hypersurface M 3 , on which the initial data compatible with the constraints is specified. The solutions to the constraints when stacked up according to their x 0 -evolution by the Hamiltonian are then the solutions to the field equations. The natural question to ask is if a similar classification scheme can be set up in the phase space defined by the Ashtekar variables. What we will do in this section is present one such scheme.
In the ADM formalism, the metric is assumed to be non-degenerate. Ashtekar with S being a symmetric 3 × 3 x-dependent matrix. Observe that (2.1) is a solution of the diffeomorphism constraint even for the case of degenerate metrics.
The "superhamiltonian" constraint (1.15) becomes an algebraic relation:
which has the solution
for non-degenerate metrics. (2.2) will not fix trS when the metric is degenerate. It is intriguing to note the apparent shift in the specification of the dynamical degree of freedom from detσ to trS in the case of degenerate metrics. Metrics which become degenerate at certain points in space-time may well be important in topology changing situations in classical and quantum gravity.
For space-times with Lorentzian signature, the Ashtekar gauge potential A is complex, and hence so is S. Complex symmetric matrices can be classified according to the number of independent eigenvectors and eigenvalues, according Table 1 .
Since S ab is gauge invariant, one may classify the matrix in terms of the roots of its characteristic polynomial. These can in turn be expressed by:
The Bianchi identity for the magnetic field associated with A further implies the consistency condition:
when one takes into account (1.8).
There have been attempts to obtain metric-independent gravity theories by expressing σ i in terms of B i [6] . However, in view of the displayed classification scheme, this is not the most natural way to proceed. For instance, the scheme of [6] will not work for the simple F = 0 sector, which has S = 0 for finite momenta. We shall elaborate on the significance of the cases when S is degenerate later on. When S is invertible, we do obtain the results of [6] , withσ
and the constraints
As noted by the authors of [6] , these are seven equations on the nine complex components of S −1 , and the solutions should give the two unconstrained field degrees of freedom associated with general relativity in 4D. When S is degenerate, though, as we will show, there could arise phases with fewer degrees of freedom.
It should be emphasized that, as in the Petrov classification scheme, types II, III and N do not occur for space-times with Euclidean signatures. This is because the corresponding Ashtekar variables are all real, so that S is real and symmetric, and there are always three distinct eigenvectors.
For the case when there is only one eigenvalue, the three roots (2.4) are not independent:
When two of the eigenvalues are the same, the relationship among the roots is
The initial value data thus falls into distinct classes with strikingly distinct properties.
For instance, type I has three x-dependent eigenvalues for S, whose sum is restricted to −λ, while for type O one has only one x-independent eigenvalue −λ/3. This mismatch in the allowable fluctuations is highly suggestive of distinct phases in the theory. For example, we may show [7] that type O (S ab = −(λ/3)δ ab ) can be identified with an unbroken topological quantum field theory (TQFT), describing a topological phase in quantum gravity.
The classification scheme described so far becomes equivalent to the usual Petrov classification for non-degenerate metrics. In this case,
Equations of Motion and Anti-Instantons
In this section, we exhibit the manifestly covariant equations of motion for the and is compatible with the ADM decomposition of the metric:
where e A is the 1-form e Aµ dx µ and the +(−) sign is to be used for metrics of Euclidean For Riemannian manifolds, apart from a boundary term that does not contribute to the equations of motion, the Hamiltonian in the Ashtekar formalism is [1] :
and the evolution equation for A ia on M 3 giveṡ
With the use of Eqn. (2.1) and assuming non-degenerate metrics, we can rewrite Eqn. (3.4)
as
The second term vanishes because of the "superhamiltonian" constraint and comparing with Eqn. (3.4) we observe that the consistent choice for T ab is:
Thus we have
Similarly, for the evolution ofσ ia , we havė
It is not difficult to show that the equations of motion for the Ashtekar variables can then be succinctly written as
Here,
and D is the covariant derivative with respect to the Ashtekar connection 1-form. The nine x 0 -evolution equaitons for A ia are contained in Eqn. (3.11a) while the twelve equations in Eqn. (3.11b) can be split off into the set of three equations:
which is equivalent to the set of Gauss Law constraints, and the nine equations:
which, modulo the Gauss Law constraints, are equivalent to the x 0 -evolution equations forσ ia , Eqn. (3.10). Ashtekar's transcription of the "supermomentum" and "superhamiltonian" constraints of general relativity takes the simple form of (3.12a, b). (See also [8] for an alternative derivation of the equations of motion using self-dual two-forms as fundamental variables and a discussion of gravitational instantons as SU (2) rather than SO (3) gauge fields.)
We shall now examine the meaning of the equations of motion. Firstly, observe that
Since F a is the product of a zero form S with the 2-form Σ, Eqn. (3.16) implies that * F a = −F a (3.17)
As a result, all Einstein manifolds correspond to anti-instantons of the Ashtekar potentials.
However, the converse is not always true. In general, the curvature of an arbitrary antiinstanton can be expanded in terms of Σ a via
But the quantity Y will have to satisfy Eqn. (3.12 )and Eqn. (3.11b) before the antiinstanton can correspond to an Einstein manifold.
The twelve equations in Eqn. (3.11b) suggest that the 1-form A a can be expressed in terms of the vierbein e A . This is indeed the case, for the solution to Eqn. (3.11b) is precisely
where ω AB can be determined uniquely from e A through
Eqn. (3.19) says that, apart from a factor of 2, A a is the anti-self-dual part of the spinconnection and so the curvature 2-form of A a can be expressed as
where R AB is the curvature 2-form of the spin-connection. It is then not difficult to show that Eqn. (3.11b) is satisfied if and only if
and so the constraints Eqn. (3.12 )imply that
and the Ricci scalar becomes
These equations are completely equivalent to the pure gravity field equations defining Einstein manifolds.
Dimension four is the lowest dimension for which the Riemann curvature tensor assumes its full complexity. It is also the dimension which has the peculiarity that the curvature 2-form can be decomposed into parts taking values in the (±) eigenspaces Λ ± 2 of the Hodge duality operator. The Riemann curvature tensor, having four indices, can be dualized on the left or on the right, so that it can be viewed as a 6 × 6 mapping of
where in components,
and B and C are defined similarly according to the signs of the following:
It is easy to check that A(B) is self-dual (anti-self-dual) with respect to both left and right duality operations, while and (3.21), F a is the doubly anti-self-dual part of the curvature and apart from a multiplicative factor, S, can be identified with B when the equations of motion are satisfied. In this context, for Einstein manifolds, the Ashtekar formulation is the realization of Proposition 2.2 of [9] in the canonical framework. However, it should be emphasized that it is the remarkable simplification of the constraints provided by Ashtekar that makes the non-perturbative quantization scheme viable. While it appears that only half of the nonvanishing components of the Riemann curvature tensor is contained in F a , the equations of motion are completely equivalent to Einstein's field equations for non-degenerate metrics. Actually, A and B interchange under a reversal of orientation because a reversal of orientation changes the definition of self-and anti-self-duality.
While not all Einstein manifolds have anti-self-dual Riemann or Weyl tensors, a manifold is Einstein only if the curvature tensor constructed from the anti-self-dual part of the spin connection is anti-self-dual. It is precisely this property which allows for the description of all Einstein manifolds in terms of anti-instantons of the Ashtekar variables.
As a corollary, we note that for Einstein manifolds, the Weyl 2-form is
so an Einstein manifold is conformally flat or self-dual (half-flat when λ = 0) if and only if
According to our classification, this situation corresponds precisely to type O.
It is possible to eliminate S ab from the equations of motion. We have
where ( * 1) is the 4-volume element. So from the equations of motion Eqn. (3.11 )
and the equations of motion can be written as
Invariants and the Ashtekar variables
Unlike other fields, the gravitational field describes the dynamics of space-time. Any viable classical and quantum theory of the gravitational field must therefore be able to take into account not just the local description of curvature, but also the large scale global and topological aspects of the structure of space-time. We shall see how the Ashtekar variables can be used to capture the global invariants in 4D, especially those associated with Einstein manifolds.
As we have discussed in section 2, a specification of the initial value data is equivalent to a specification of the characteristic classes of S which is compatible with the constraints.
We may take the gauge-invariant quantities on M 3 to be tr S = −λ, tr S 2 , and tr S 3 , from which we can reconstruct the characteristic classes of S. Their integrals over M 3 should reflect global properties of M 3 .
It is not difficult to show that when the equations of motion are satisfied,
Thus their integrals over compact, closed 4-manifolds M 4 give
where V is the volume of M 4 , and
where χ(M 4 ) and τ (M 4 ) are the Euler characteristic and signature of M 4 , while P 1 is the Pontrjagin number of the SO(3) Ashtekar connection. Finally,
Observe that the signature τ (M 4 ) depends on the orientation of M 4 . Indeed,
where H 2 ± are the self-dual and anti-self-dual subspaces of the second cohomology group, and b ± 2 are the corresponding Betti numbers. Reversing the orientation interchanges selfdual and anti-self-dual 2-forms, so that 
so that the Ashtekar connections transform as
The Pontrjagin numbers of the Ashtekar connections with respect to the two different
Since P ± 1 are the Pontrjagin numbers of the anti-self-dual Ashtekar connections,
An immediate consequence is the Hitchin bound for compact, closed Einstein manifolds [10] |τ | ≤ 2 3 χ (4.10)
For compact, closed Einstein manifolds with Euclidean signatures, 
where n ± are the number of ±1 chirality zero-frequency solutions of the Dirac equation.
is the Pontrjagin number of the tangent bundle, i.e. of the SO(4) spin connection, and is related to the τ (M 4 ) by the Hirzebruch signature theorem:
for spin manifolds, since n + −n − must be an integer. An orientable manifold (W 1 = 0) has a spin structure iff W 2 = 0. Here W refer to the Stiefel-Whitney class. A simply-connected, compact, closed manifold of dimension four has a spin structure iff its intersection form is even, and this spin structure is unique [11] . Actually, for the case of simply-connected, compact, closed, smooth four-manifolds, the intersection form, and hence the topology via
Freedman's theorem, is determined by τ and χ, and whether the intersection form is even (i.e. W 2 = 0) or odd. This can be explained as follows: Indefinite intersection forms are determined by their rank, signature, and type (even or odd). The rank of the intersection form is the second Betti number. But
for simply-connected, compact, closed four-manifolds. τ is the signature of the intersection form. Although there are many definite intersection forms of the same rank and signature, Donaldson's theorem [12] asserts that differentiable four-manifolds with definite intersection forms must be of the standard type n ± (1). So specification of P ± 1 and whether the manifold is spin (W 2 = 0) or not corresponds to a complete specification of the intersection form of a smooth, simply-connected, compact, closed four-manifold. Freedman's theorem [13] asserts that given an even (odd) intersection form, there is exactly one (two, distinguished by their Z 2 -valued Kirby-Siebenmann invariant) simply-connected, closed, compact, topological four-manifold representing that form.
Before we proceed to specific illustrations, we remark that the third invariant Eqn. (4.1c), which involves the explicit form of S could provide a new differential invariant for Einstein manifolds, since the intersection form has already been accounted for by Eqn. (4.3), at least for the case when they are smooth, simply-connected, closed, and compact. See also [7] for a discussion of BRST-invariants of four-dimensional gravity in Ashtekar variables.
Examples of Einstein manifolds in Ashtekar variables

A. Known Solutions
The formalism developed in the previous sections provides a coherent framework to 
We can choose the four-dimensional polar coordinates as (R, θ, φ, ψ), where for fixed R, 0 ≤ θ ≤ π, 0 ≤ φ < 2π, and 0 ≤ ψ < 4π. Next introduce
Then Θ a can be written in terms of the Euler angles θ, φ, ψ on S 3 as
We concentrate first on solutions with S ab = −(λ/3)δ ab . As we have explained, these solutions correspond to the conformally self-dual sector of Einstein manifolds. It is known that for λ > 0, S 4 and CP 2 are the only compact, closed, simply-connected four-manifolds which are conformally self-dual [14] .
(a)S 4 with the de Sitter metric
The metric for this space is given by
while the vierbein is expressed as
The corresponding Ashtekar connections then have the form:
giving
Thus,
and the diameter of the four sphere is related to λ by a = 12 λ (5.11)
Suppose that we now reverse the orientation, by for example defining the vierbein field to be
The Ashtekar connections then change to the form:
so that S is unchanged. S 4 has an orientation reversing diffeomorphism. By using the explicit form for the Ashtekar connections, one obtains that the first Pontrjagin number equals −4, and is preserved under the reversal. Thus Eqns. (4.11a) and (4.11b) yield
Note that for S 4 , the SO(3) Ashtekar connections give P ± 1 = 0 mod 4, and so can be lifted to an SU (2) connection, with second Chern class
Actually, the Ashtekar connections given by Eqns. (5.7) and (5.13) are precisely the BPST (anti-)instanton solutions [15] . Since the intersection form has rank rank (Q) = b 2 = χ − 2 = 0 (5.17)
The dimension of the moduli space for a single anti-instanton on S 4 is known to be five [9] . The parameters correspond to the size and location of the (anti-)instanton. The two dimensional complex projective space is described by the Fubini-Study metric:
We may choose the vierbeins as
in which case the Ashtekar variables are:
, and
These equations yield F a = S ab Σ ab , with S ab = −(λ/3)δ ab . The solution is therefore again of Type O. However, the Pontrjagin index is found to equal
As a result, the Ashtekar connections cannot be realized in a globally well-defined manner as an SU (2) gauge potential.
Like S 4 , CP 2 is conformally flat, since S is of Type O, but unlike S 4 , it does not have an orientation reversing diffeomorphism. Under a reversal, we obtain CP 2 , which is described by the same metric, but the vierbein becomes (−e 0 , e a ). In which case, the Ashtekar potentials become
Thus CP 2 is described by Ashtekar potentials of a non-abelian anti-instanton, whereas CP 2 is described by those of an abelian anti-instanton. The corresponding Pontrjagin index is found to be
which is different from that of Eqn. (5.21) . Accordingly, the Euler characteristic and signature are given by
From previous studies [11] , we already know that CP 2 cannot support abelian instantons, while CP 2 can support only one such object. The Ashtekar potential is simply that unique abelian anti-instanton.
The matrix S ab for CP 2 is of the form
and so the solution is of Type D.
This example shows how the Ashtekar variables provide a more natural context in which to study the topological and differential invariants of a 4-manifold.
(c)The Schwarzschild-de Sitter solution
The Schwarzschild-de Sitter metric in Euclidean space is given by
where M is G/c 2 times the mass. Taking the vierbein fields to be
dr, r dθ, r sin θ dφ (5.29)
yields the Ashtekar potentials
sin θ dφ 
This solution is therefore of Type D generally, for M = 0, and of Type O in the limit of vanishing mass. One may view the mass term as a parameter which breaks the system out of the Type O sector. When λ → 0, we recover the usual Schwarzschild solution.
Reversing the orientation gives
while the form of S is preserved.
The Pontrjagin index for λ = 0 can be computed to give
The radius 2M is the usual event horizon, and we have also used the periodicity in the Euclidean time interval of 8πM inherent in the Schwarzschild metric. From Eqn.(5.33),
we conclude that χ = 2, and τ = 0, in agreement with the standard result.
Finally, note that a general Type D metric with zero cosomological constant can be characterized by S = diag(−2α, α, α). If α > 0, S is gauge equivalent to
since this form can be diagonalized to
For the Schwarzschild solution, φ 2 = 3M/r 3 . In isotropic coordinates, with
the quantity φ above takes on the value
yielding for the Ashtekar magnetic field
This establishes the gauge-equivalence between the Schwarzschild solution in Ashtekar variables in our general formalism and the solution exhibited in [16] .
The Eguchi-Hanson metric [17] with a cosmological constant can be written as
We can choose the vierbein fields to be
which then implies that the Ashtekar potentials are given by
The corresponding matrix S ab takes the form
The Eguchi-Hanson metric is therefore of Type D when a = 0, and of Type O when a = 0, so this parameter causes the system to break out of the Type O sector.
When we apply a reversal, we get another manifold, EH, with the Ashtekar potentials taking the form:
The field strengths are now controlled by the matrix
Like in the case of CP 2 , this matrix is not invertible, and it is described by an abelian anti-instanton.
However, the Eguchi-Hanson manifold has a boundary of real projective 3-space,
. The abelian instanton of Eqn.(5.40) does not depend on the parameter a, and furthermore, it is anti-self-dual relative to EH for arbitrary λ and a. In the limit λ → 0, S becomes zero, and EH becomes half-flat. As we shall see below, the Eguchi-Hanson metric can be obtained as limiting cases of two different classes of explicit solutions, one from the F = 0 sector, and the other from the abelian anti-instanton sector.
B. New Solutions
The above examples illustrate the procedure for determining the appropriate antiinstanton configuration of the Ashtekar variables once the metric is known. But, the formalism can be used to go the other way and yield new solutions to the Einstein field equations. We shall illustrate the method below by examining a few explicit examples.
Before we do so, recall that the matrix S for Riemannian manifolds is real-symmetric.
Solutions are characterized by tr S 2 and tr S 3 , which can be further divided into classes relative to a sign change under orientation reversal. This distinction had been utilized in the examples presented so far, and will continue to be significant in the solutions we will be discussing below.
F = 0 sector and hyperkähler manifolds
We first examine the case where the Ashtekar field strength vanishes. When this happens, the metric is half-flat; i.e. the Riemann curvature is self-dual. S vanishes also, and for simply-connected manifolds, we may set the connection to be zero globally as well.
The equations of motion reduce to
so that the anti-self-dual Σ a is now also closed. As a result,
Since the Ashtekar curvature vanishes, we obtain
so that τ takes on the maximal value of the Hitchin bound:
But we also have the relation
so that finally
These relations may be solved to give the following characteristic numbers for simplyconnected compact Einstein manifolds in the F = 0 sector:
It is known that K3 manifolds and the 4-torus are the only compact manifolds without boundary admitting metrics of self-dual Riemann curvature [18] . The 4-torus is not simplyconnected, and has τ = χ = 0, since its metric is flat. So, choosing the convention that τ (K3) = −16, we can identify the simply-connected compact half-flat manifolds without boundary as K3. They have the intersection form [11] :
The Pontrjagin index for K3 can be computed to be
As a result, the SO(3) Ashtekar connection can be lifted to an SU (2) connection. The metric therefore possesses an SU (2) holonomy, and is therefore hyperkähler [14] . Such metrics have been used to formulate conditions for unbroken supersymmetry in the compactification of superstrings [19] . In our present context, these metrics are associated with the unbroken topological field theory of the moduli space of flat connections [7] .
Note that although F = 0 and S = 0 for K3, the corresponding values for K3
need not be trivial. It has been calculated that these surfaces are parametrized by 58
parameters [20] . According to Eqn. (5.49), these must be associated with an Ashtekar connection with Pontrjagin number −96.
We shall now construct explicitly half-flat Einstein manifolds which are not necessarily simply-connected, or without boundary. They will have F = 0, but F = 0.
We begin by supposing that the vierbein is of the form:
This yields
where primes denote differentiation with respect to R. Further simplification can be achieved by assuming that f = g. Setting A a = 0 locally, we need to solve
Combining these two equations gives
With u ≡ h 2 and v ≡ f 2 , this equation reduces to
′ which has as solution
with b being an integration constant. The metric is therefore given by
where a = (f 2 ) ′ /2h, and h is given Eqn. (5.52). The function f is an arbitrary function of
R.
If we now reverse the orientation, the metric is invariant, but the vierbein changes to e A = (−e 0 , e i ). The Ashtekar potentials become
assuming that the relations among h, a and f continue to hold. A short computation then fixes the matrix S to be:
Thus the equations of motion still hold, but the solution is now of Type D when b = 0.
For compact manifolds without boundaries,
assuming that the variables θ, φ and ψ are the coordinates of a 3-sphere for fixed values of R. By choosing the appropriate function f , one can obtain self-dual Einstein manifolds with non-trivial values of the Pontrjagin number. For the special case of f = R, and b = −a 4 , we recover the λ → 0 limit of the Eguchi-Hanson metric discussed above. Recall that our convention is such that EH with λ = 0 is half-flat.
Abelian anti-instantons and Kähler-Einstein manifolds
When S = diag (0, 0, −λ), the Ashtekar potential is described by an abelian antiinstanton. In this gauge, the only non-vanishing component of the field-strengths is F 3 , and the equations of motion reduce to
We now suppose that the manifold can support a complex structure, and define
in which case,
Furthermore, let us define 
so that
To satisfy the gauge condition on S as specified above, i.e. diag(0, 0, −λ), we must have
It is easy to check that for f = g, Eqn. The solution is
The function c is an arbitrary function of R, while b is an integration constant.
Upon reversal of orientation, the new Ashtekar variables are The corresponding Pontrjagin numbers are
for the case of the abelian anti-instanton, and This ansatz gives us the Eguchi-Hanson space and the configuration for EH discussed in the last section.
Matrix S as an order parameter
We have seen how S can play an effective role as an order parameter characterizing the Type O sector. This sector corresponds classically to conformally self-dual Einstein manifolds. Actually, we can go further with this hypothesis by studying it in the abelian anti-instanton sector. We have already discussed several explicit examples of Einstein manifolds which belong to this sector.
Suppose that S is of rank one and can be expressed as
where φ a is a triplet of phenomenological real scalar fields. It is then gauge-equivalent to the form S = diag(0, 0, ±φ 2 ) and we may assume that ||φ|| = √ ∓λ (6.2) where the sign in Eqn. (6.1)is chosen in accordance with whether λ is negative or positive.
In the U -gauge, with φ a = ||φ||δ a3 , and A 1,2 = 0, we have simply the condition (Dφ) a = 0 (6.3)
But Eqns. (6.2)and (6.3) are gauge and diffeomorphism invariant statements, and are therefore valid in arbitrary SO(3) gauges and coordinate systems. The situation is therefore identical to that of a system possessing a symmetry based on the group SO(3), which is broken down to SO(2) by the order parameter φ a acquiring a non-vanishing vacuum expectation value equal to the cosmological constant. The matrix S is non-invertible, and in this phase the gravitational fields are ordered dynamically in such a way as to break the local SO(3) Ashtekar symmetry.
Concluding Remarks
We have presented in this paper several examples which illustrate the methods to 
